Conditions for an impedance model to be physically admissible are checked for some popular models in the outdoor sound propagation community.T heyr equire that the definition of the impedance model is extended in the whole complexplane and that its inverse Fourier transform is real, causal and passive.For the manyimpedance models that are written as the square-root of arational function, such as the Zwikker and Kosten model, the fourparameter Attenborough model and the Hamet and Bérengier model, these conditions are shown to be satisfied for asemi-infinite ground and for arigidly backed layer.The case of polynomial type models is then investigated. The Delanyand Bazleymodel is not physically admissible as it is real or causal depending on its extension in the complexplane, butitcan not simultaneously fulfill both conditions. The Miki model for arigidly backed layer does not satisfy also the passivity condition as its real part is negative for lowf requencies. An ew polynomial model is thus proposed and is shown to be physically admissible.
Introduction
Reflection of acoustic wavesoveranatural ground is typically modelled with an impedance boundary condition, which relates the Fourier transforms of the acoustic pressure and the normal velocity to the ground through the surface impedance. This quantity accounts for the ground properties, such as the air flowresistivity,the porosity and the tortuosity.U pu ntil 10 years ago, analytical and numerical models for outdoor sound propagation were developed in the frequencyd omain. Consequently,m ost of the impedance models used for natural grounds have been proposed in this context. Nowadays, time-domain methods have become increasingly popular for studying outdoor propagation in complexm eteorological conditions [1, 2] . Accounting for ground effects in time domain models has provedchallenging and, therefore, twomain strategies have been adopted. In the first one, propagation in the ground medium is explicitely modelled through propagation equations, using usually those proposed by Zwikker and Kosten [1, 2] as it does not lead to the computation of convolutions, which is cumbersome for long-range sound propagation [3] . More complexp ropagation equations, which involveconvolutions, such as those based on the Wilson'srelaxation model [4] have been proposed but related numerical solvers are limited up to nowt oo neReceived16December 2013, accepted 28 February 2014. dimensional and two-dimensional configurations [5, 6, 7] , due to the high computational cost of the direct evaluation of convolution integrals. In the second strategy,t he impedance boundary condition is translated into the time domain, using the local reaction assumption, which is generally valid for natural grounds [8] . The surface impedance is usually approximated by polynomials [9] or rational functions [10, 11, 12, 13, 14, 15] to avoid the computation of convolutions. In the proposed applications, many impedance models have been used such as the Delanyand Bazleym odel [9] , the Miki model [12, 14] , the variable porosity model [13] , the Zwikker and Kosten model [11] , the Attenborough model [11] or the Hamet and Bérengier model [16] .
However, it is not clear if the surface impedance models proposed in the frequencydomain are adapted to timedomain computations. Indeed, the translation of the impedance boundary condition into the time domain leads to some restrictions on the possible analytical expressions of the impedance [17] . First of all, the definition of the impedance must be extended to the whole complexplane. Then, the inverse Fourier transform of the impedance must be real-valued and causal. In addition, the ground must also be passive,b ecause no acoustic energy comes from the ground. Rienstra [17] has proposed three conditions in the frequencydomain for an impedance model to be physically admissible, which have been checked for some models used in the duct acoustics community.T he causality condition has already been investigated by Berthelot [18] by invoking the Kramers-Krönig relations. Besides, other studies have been concerned with the causality of propagation equations in porous media for various models such as the Johnson and Allard model [19] or the power-law attenuation model [20] .
The main objective of this paper is to check some widely spread impedance models in the outdoor sound propagation studies against Rienstra'sconditions. Arecent study of Attenborough et al [21] presents the impedance models available to characterize natural grounds. In this paper,t wo types of impedance models which are those, which can be written as asquare root of arational function and which are referred to as the square-root type models, and the polynomial-type models are investigated for both semi-infinite ground media and for rigidly backed layer media.
The paper is organized as follows. In section II, the conditions proposed by Rienstra are reviewed and discussed. In section III, these conditions are considered for the square-root type impedance models. Section IV is concerned with the polynomial models, and an ew model which satisfies the Rienstra'sconditions is proposed.
Sufficient conditions
The impedance boundaryċondition is classically expressed as P (ω) + Z S (ω)V n (ω) = 0, where ω is the angular frequency, Z S is the surface impedance and P (ω)and V n (ω)a re the Fourier transforms of the acoustic pressure and acoustic velocity normal to the ground, respectively. Throughout the paper,the convention e −iωt is used for the Fourier transform. The impulse response corresponding to the inverse Fourier transform of the surface impedance is thus givenby z s (t)= 1 2π
Consequently,the impedance boundary condition is written in the time domain as the convolution,
Rienstra'sc onditions
Rienstra has proposed three conditions in the frequency domain for as urface impedance model to be physically admissible:
• causality condition: Z S (ω)i sa nalytic in Im(ω) ≥ 0, |Z S (ω)| is square integrable overt he real ω-axis and there is ar eal t 0 such that Z S (ω)e −it 0 → 0u niformly with regard to arg(ω)for |ω|→∞in Im(ω) ≥ 0, where Z denotes the complexc onjugate of Z.T he first condition expresses that, as p(t)a nd v n (t)a re real quantities, z S (t)must be real. Therefore, the surface impedance Z S (ω)m ust be an Hermitian function of ω.T he second condition implies that the acoustic intensity into the ground is positive,asthe ground is apassive medium. The third condition is as u ffi cient condition for an impedance model to be causal [22, 17] implying that z S (t)v anishes for t<t 0 .R ienstra has also proposed an other causality condition, requiring only that Z S (ω)m ust be analytic in Im(ω) > 0. This is anecessary butnot sufficient condition as, for instance, the Gaussian function Z S (ω) = e is not causal. Moreover, as expected the Gaussian function does not satisfy the sufficient causality condition, as its modulus does not convergeto0inIm(ω) ≥ 0.
Ac ausal model has also other properties. If |Z(ω)| is square-integrable overt he real ω-axis, the causality of z S (t)isequivalent to the well-known Kramers-Krönig relations [23] , which relate the real and imaginary parts of Z S (ω)t hrough Hilbert transforms. Berthelot [18] has investigated these relations for various impedance models by evaluating numerically the Hilbert transforms.
Additionally,i mpedance models which satisfy the reality,t he passivity and the causality conditions are called positive real functions in electrical network analysis [22] .
Twot ypes of surface impedances, which are typically used in outdoor sound propagation studies, are investigated hereafter, • asemi-infinite ground:
with the characteristic impedance of the medium Z c .
• arigidly backed layer [24] :
with the wavenumber in the medium k c and the layer thickness d. More complexm odels are possible by considering for instance afi nite-impedance backed layer or am ultilayered porous medium. However, characterization of natural grounds is often limited, because in-situ measurements are complexand costly.Therefore, the twotypes of surface impedances presented in equations (3) and (4) are used in the large majority of the studies.
Additional remarks forarigidly backed layer model
Forarigidly backed layer,because the causality condition requires that Z S,d is analytic in Im(ω) ≥ 0, coth(−ik c d) must be analytic in Im(ω) ≥ 0. Because the complexfunction coth(−ix)h as poles for x = nπ,w ith n integer,o ne must have Im(k c ) > 0i nI m(ω) ≥ 0, so that no poles are crossed. In that case, the function coth(−ik c d)c an be expanded as an infinite sum [17] , [27] γ [29] 4(λγ)
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Themodel of arigidly backed layer can then be written as
with Z (n) In what follows, the relation for ac omplexn umber z with positive real and imaginary parts, (7) is used. In the preceding inequality,A rg denotes the argument of ac omplexn umber,w hich takes its values in ] − π, π]. The inequality (7) is demonstrated in the Appendix.
Square-root type impedance models
Alot of impedance models can be written as asquare-root of rational functions of the angular frequency ω,
where α, β, ω 1 , ω 2 and ω 3 are all positive real numbers. These parameters are giveni nT able Ia nd depend on the properties of the ground, which are the tortuosity q,t he porosity Ω,t he air flowr esistivity σ 0 and the pore shape factor ratio s f and on the ratio of specifich eats in air γ.A mong the models whose analytical expressions are givenb ye quations (8) and (9),o ne can cite the Zwikker and Kosten (ZK) model, which can be derivedf rom the acoustic equations in the porous media layer proposed by Zwikker and Kosten [25, 26] . This model, as ω 2 = ω 3 = 0, has only one parameter ω 1 which is afunction of q, Ω and σ 0 .A st he semi-infinite medium model depends only on the ratios Ω/q and σ 0 Ω/q 2 ,d i ff erent sets of parameters can lead to the same values of the impedance. Amodification of the pulsation ω 1 has been proposed by Ostashev et al. [11] to improve the prediction of the ZK model at high frequencies. More recently,T araldsen and Jonasson [27] have developed asimilar model, based on the Darcy'slaw. Theyp rovide also as emi-empirical relation relating Ω, q and σ 0 .T he model proposed by Heutschi [28] for ballast surfaces, which is based on an electrical network analysis, is also of the same type. Moreover, the four-parameter Attenborough model [29] can be written using the analytical expressions in equations (8) and (9),with ω 1 = ω 2 .Ithas been obtained from al ow frequencya nd/or ah igh flow resistivity approximation of am ore complexm odel, accounting for porous media with random orientation, nonaligned and non-circular cross shape pores [29, 30] , which is used in the study of Ostashev et al. [11] . It has an additional parameter which is the pore shape factor ratio s f . It depends also on the Prandtl number,d enoted by Pr, through the parameter λ defined by
Finally,t he Hamet and Bérengier model [31] is ap henomenological model which has been proposed initially for porous road pavement. Recently,ithas also been used to characterize ballast surfaces [16] . The branch cut of the complexs quare root function is chosen as the negative real axis. Corresponding branch cuts in the ω-plane lie in Im(ω) < 0asshown in Figure 1. 
Semi-infinite ground layer
Rienstra'sconditions are nowchecked for the semi-infinite ground layer model. It is first noted that the impulse response can be calculated for the Zwikker and Kosten type Dragna, Blanc-Benon: Impedance models foroutdoors Vol. 100 (2014) model [5] , yielding
which shows that the model is real and causal. The passivity,a sf or the other models, comes from the choice of the branch cut for the complexs quare root function, which provides Re[Z S,∞ ] ≥ 0i nt he whole complex ω-plane. Fort he other models, the reality condition is fulfilled, since Z S,∞ (ω) = Z S,∞ (−ω). Concerning the causality condition, it can be noticed that |Z S,∞ | is not square-integrable overthe real-axis, because |Z S,∞ | tends to Z ∞ = ρ 0 c 0 qα/Ω for large |ω|,a nd Z 2 S,∞ has ap ole at ω = 0. Therefore, the function
is considered instead. The second and last term in equation (12) 
is obtained. The second term in the preceding equation tends to zero for large |ω| independently of θ in the upper half-plane. Forthe first term, the inequality |z − 1| 2 ≤ |z 2 −1|,which is true for acomplexnumber with apositive real part, is used. It can be readily demonstrated using the relations (z 2 − 1) = (z − 1)(z + 1) and |z − 1|≤|z+1|for Re(z) ≥ 0. This leads to
Introducing the polar form ω = Re
From equations (13) and (15),itisshown that A(ω) → 0 uniformly with regard to Arg(ω)for |ω|→∞in Im(ω) ≥ 0. Therefore, A(ω)i sac ausal transform. As the inverse Fourier transform of ac onstant is aD irac delta function and as the inverse Fourier transform of the last term in equation (12) is causal [32] , Z S,∞ is also ac ausal transform. Note, that in the study of Berthelot [18] , it is concluded that the Attenborough model is not causal at high frequencies, which is in contradiction with the present results. Finally,all models for asemi-infinite medium satisfy the three conditions proposed by Rienstra and, hence, are physically admissible.
Rigidly backed layer
The model for arigidly backed layer is nowinvestigated. It is easily verified that the model is real. Concerning the passivity condition, the argument of the wavenumber k c ,
is first considered for ω>0inorder to use equation (7). Forthe Zwikker and Kosten model, as ω 2 = ω 3 = 0, one obtains 0 < Arg(k c ) ≤ π/2. The same inequality is satisfiedfor the Attenborough model, as ω 2 = ω 1 .Finally,for the Hamet and Bérengier [31] model, ω 3 = γω 2 and hence ω 3 >ω 2 ,which implies
and consequently 0 < Arg(k c ) ≤ π/2f or ω>0. Fora ll models, the wavenumber k c has positive real and imaginary parts, which allows one to use equation (7) .A long with the relation Arg[
which shows that
Similarly,one has
which leads to
Then, for all cases considered, as Re[Z S,d ] ≥ 0, the passivity condition is fulfilled for rigidly backed layer models. The causality condition is nowconsidered. First, it must be shown that Im(k c ) > 0i nI m(ω) > 0. Fort hat, using the polar form ω = Re iθ with R>0a nd θ ∈ [0,π], the argument of k c is written as
Forthe Zwikker and Kosten type model, the relation ω 2 = ω 3 = 0implies that
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As ω 1 > 0, one obtains the inequalities 
is obtained for θ ∈ [0,π/2], yielding
Similarly for θ ∈ [π/2,π], the inequality
Therefore, it has been shown that Im(k c ) > 0for Im(ω) ≥ 0for all impedance models considered in this section. As discussed in section II.B, the causality condition can then be equivalently checked for Z (n)
.However,
| is not square-integrable on the real axis as it is singular at ω = 0and as its limit is Z ∞ e −ω + t n for large ω,with t n = 2ndqβ/c 0 and ω + = (ω 1 + ω 3 − ω 2 )/2. Therefore, the function B(ω) = B 1 (ω) − B 2 (ω)with
is considered instead. B(ω)i sanalytic in Im(ω) > 0and |B(ω)| is square-integrable overt he real-axis as |B(ω)| 2 decays as 1/ω 2 for large ω.Itremains to showthat B(ω) is uniformly converging to zero in the upper half-plane. First, note that this is the case for the function B 2 (ω), as shown in equation (13) .I na ddition, the function B 1 (ω) can be rewritten as asimpler form
Using the inequality |e
[32] leads to the estimate
As shown in the preceding section, Z S,∞ tends uniformly to Z ∞ as R →∞ .I ti st hen sufficient to showt hat R|x| tends uniformly to zero as R →∞.For that, x is rewritten as (35) with z = 1/(−iω). As the function x(z)i sa nalytic for |z| <A ,w here A is the radius of convergence which is at least the distance to the nearest singularity.i tc an be written as ap ower series which is absolutely convergent [33, 34] . Thus, for large |ω| and hence for small |z|, x(z) can be expanded as
as the relations a 0 = a 1 = 0a re obtained from aT aylor expansion of x around z = 0. Introducing ω = Re iθ leads to
which shows that R|x| tends uniformly to zero as R →∞.
Consequently, B(ω)isacausal transform. This is also the case for Z (n)
S,d e −iωt n ,b ecause Z S,∞ and B 2 (ω)a re causal transforms, as shown in the preceding section. As its inverse Fourier transform is z
S,d (t)i snull for t<t n and hence is causal. Finally, Z S,d is also acausal transform by linearity.Asaconsequence, the impedance models considered in this section are physically admissible.
Variable porosity impedance model
Similar to the square-root type, the variable porosity model is used in the American National Standard [35] for ground impedance measurements. It is based on alow frequency/high flowresistivity limit of the surface impedance of asemi-infinite ground with an exponentially decreasing porosity.The surface impedance is
with ω 0 = 4σ 0 /(γρ 0 )and ω 1 = 4γ/(c 0 α 0 ), where α 0 is the effective rate of change of porosity.T he inverse Fourier transform of Z S is straightforwardly calculated, and is givenby [32] ,
This surface impedance model is then real and causal. It is also passive,b ecause the real part of equation (38) 
Polynomial type impedance model
The other important family of impedance models is the polynomial type. Theywere initially proposed by Delany and Bazley [ 36] , who measured the characteristic impedance and the wave number of al arge set of fibrous and highly porous materials. Use of polynomial models is then restricted to medium whose porosity and tortuosity are close to 1, and hence Ω=q=1t hereafter.A st heya re simple models, it is not expected that predictions are accurate overavery wide frequencyband. Thus, Delanyand Bazleyh aves uggested that their model is valid only for frequencies f satisfying 0.01 <f/σ 0 < 1. Moreover, Attenborough et al. [21] have compared al ot of impedance models for in situ determination of ground impedance. It wass hown that the Delanya nd Bazleym odel results in poorer fitting to short range data overm anyg round surfaces than alternative 2( or 3f or rigid backed layer)p arameter models. Polynomial models are howevere xtensively used in the literature, mainly because theyallowus to characterize the behaviour of porous media with only one parameter,which is the air flowresistivity.This is particularly of interest for outdoor sound propagation studies, because direct measurements of the acoustical properties of natural grounds are difficult to carry out. The model is givenbythe formula
with the angular frequency ω 0 = σ 0 /ρ 0 and where the parameters a, b, c, d, p, q, r and s are all real positive numbers. Form edium whose porosity is lower than 1, it has been proposed in the literature [37, 30, 38] to use an effective flowr esistivity equal to σ e =Ω σ 0 .S imilarly,i f the tortuosity of the medium is larger than one, the effective flowr esistivity can be written as σ e =Ω σ 0 /q 2 [39] . In that case, the parameter ω 0 corresponds to ω 1 in the Zwikker and Kosten, Taraldsen and Jonasson and Hamet and Bérengier models. Miki [39] has also proposed an expression for the effective flowresistivity including the pore shape factor ratio.
Delany and Bazley model

Semi-infinite ground layer
The coefficients in equation (40) proposed by Delanyand Bazley [ 36] are giveni nT able II for ρ 0 = 1.2k gm -3 . The passivity condition is satisfied as Re[Z S,∞ ] ≥ 0f or ω>0. The Delanya nd Bazleym odel is an interesting case, because it has been obtained by fitting experimental results for positive frequencies. It fulfills different conditions depending on its extension in the complex ω-plane. Following Miki, the reality condition can be imposed by using the following extension of the polynomial model:
where the branch cut of the power functions is chosen as the negative real axis. For ω real, the preceding formula reduce to
Using the Fourier transforms [40] 
valid for 0 <ν<1, the impulse response obtained from equation (42) is then givenby
where sign(t<0) = −1, sign(t = 0) = 0a nd sign(t> 0) = 1. It is represented as af unction of the normalized time ω 0 t for the set of coefficients proposed by Delanyand Bazleyi nF igure 2. It is seen that the impulse response is non-zero for t<0, which shows that the Delanya nd Bazleymodel is not causal for the first extension. However, extension of the polynomial model in the complexp lane can be carried out in other ways. Thus, without imposing the reality condition, asecond extension of the polynomial model into the complexplane,
where the branch cut of the power functions is chosen as the negative imaginary axis, can be proposed. Using the Fourier transform, [40] 
valid for ν>0, leads to the impulse response
It is also plotted as afunction of the normalized time ω 0 t for the set of coefficients proposed by Delanyand Bazley in Figure 2 . It is observed that this extension is causal but is not real.
In conclusion, the impulse response related to the Delanyand Bazleymodel for asemi-infinite ground can not be causal and real at the same time. Therefore, the Delany and Bazleymodel is not suited for time-domain computations.
Rigidly backed layer
It is well known that the Delanya nd Bazleym odel for a rigidly backed layer does not satisfy the passivity condition [41, 12] . As an example, the real and imaginary parts of the Delanya nd Bazleym odel are plotted in Figure 3 as af unction of frequencyf or σ 0 = 100 kPasm -2 and d = 0.01 m. It is clearly seen that Re[Z S,d ] < 0f or frequencies below300 Hz. Moreover, as for the semi-infinite ground case, the Delanyand Bazleymodel does not fulfill both reality and causality conditions. To check the causality condition for the second extension in the complex ω-plane proposed in the preceding paragraph, it is first shown that Im(k [2] c ) > 0i nI m(ω) ≥ 0. Fort hat, using the polar notation ω = Re iθ with R>0and θ ∈ [0,π], it is straightforwardly obtained that
which shows that Im(k [2] c ) > 0b ecause all terms in the preceding equation are positive for θ ∈ [0,π]. As shown in section II.B, the function Z (n)
S,∞ e 2ink [2] c d can then be considered to showt hat the extension of the Delanya nd Bazleymodel of arigidly backed layer is causal. As Z
is singular at ω = 0, we consider the function 
is obtained. Therefore, C(ω)isacausal transform. As the twolast terms in equation (54) are also causal transforms (see equation 47), the second extension of the Delanyand Bazleym odel for ar igidly backed layer satisfies also the causality condition. are positive,itisdeduced that
Therefore, the inequality
is obtained. Inequalities (65) and (68) showt hat the real part of Z S,d is positive.Thus, the modified Miki model of ar igidly backed layer is passive and is hence physically admissible.
Conclusion
Translation of impedance models defined in the frequency domain into the time domain is not straightforward. Indeed, the impedance model must be first extended into the complexplane and must obeysome conditions to be physically admissible, as the time-domain counterpart must be real, passive and causal. These conditions were checked for popular models in the outdoor sound propagation community.Models that are written as the square-root of arational function, such as the Zwikker and Kosten model, the four-parameter Attenborough model and the Hamet and Bérengier model, were first investigated. All these models were shown to be physically admissible for as emiinfinite ground medium and for arigidly backed layer.The polynomial-type models were then studied. Depending on the extension of the model in the complexp lane, the Delanyand Bazleymodel fulfills different conditions. However, the reality and causality conditions can not be simultaneously satisfied and consequently the Delany and Bazleymodel is not adapted for time-domain computations. In addition, the Miki model wasshown to be physically admissible for as emi-infinite medium, buti tw as demonstrated that the corresponding model for ar igidly backed layer does not satisfy the passivity condition for very lowf requencies. An ew polynomial model wast hen proposed on the basis of the Miki model and wass hown to be physically admissible. The results of the study are summarized in Table III. 
